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An algebro-geometric realization of the cohomology 
ring of Hilbert scheme of points in the affine plane 

Tatsuyuki Hikita* 


Abstract 

We show that the cohomology ring of Hilbert scheme of n-points in the affine plane 
is isomorphic to the coordinate ring of G m -fixed point scheme of the n-th symmetric 
product of C 2 for a natural G m -action on it. This result can be seen as an analogue 
of a theorem of DeConcini, Procesi and Tanisaki on a description of the cohomology 
ring of Springer fiber of type A. 


1 Introduction 

In [3] and mf DeConcini-Procesi and Tanisaki show that the cohomology ring of Springer 
fiber of type A is isomorphic to the coordinate ring of scheme-theoretic intersection of some 
nilpotent orbit closure and Cartan subalgebra. The purpose of this paper is to generalize 
their result to wider situations by reinterpreting them as a certain isomorphism between 
the cohomology ring of some symplectic variety and the coordinate ring of some scheme 
coming from another symplectic variety. 

First we recall the result of DeConcini-Procesi and Tanisaki. Let G = GL n (C). We fix 
a Borel subgroup B C G and a Cartan subgroup T C B. We take a parabolic subgroup 
B C P C G and its Levi subgroup L. We denote by g, b, t, p, and 1 the Lie algebras of G, 
B , T, P, and L respectively. Let n and rip be the nilpotent radicals of b and p. Let Af C g 
be the nilpotent cone of g and let Afp = Ad(G) • Up C A/” be a closed subvariety of Af. If 
A h n is the partition of n corresponding to P, then Afp is the closure of the nilpotent orbit 
whose Jordan block is of type \ T . Here, X T is the transpose of A. 

We take a regular nilpotent element e in 1. Consider the Springer resolution 

T*(G/B) = {( gB,X ) G G/B x g | Ad^)" 1 ^) G n} A A f 
given by /i(gB,X) = X. Let B e := /r _1 (e) be the Springer fiber associated with e. 
Theorem 1.1 (|Tj . fTT] ). There is an isomorphism of graded algebras 

H*(B e , C) = c[AAnt], 

Here, Afp D t is the scheme-theoretic intersection of Afp and t in g and the grading on 
C[A fp fl t] comes from the G m -action on Afp D t induced by the scaling action t ■ X = t~ 2 X 
for t G G m and X G g. 
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We summarize the above theorem in the following diagram: 

T*(G/P ) G/P = fip\ 0) 

i^ p 

M P M P ni ^ Spec//*(£ e ,C). 

Here, /ip is the parabolic analogue of Springer resolution 

T*(G/P) 9* {( gP,X) G G/P x g | Ad(</) _1 (X) e n P } ^4 M P 

given by / j,(gP,X ) = X. For type A, fi P always gives an resolution of singularities of Mp 
and Mp is normal. Hence Mp can be understood as the affinization of T*{G/P). We also 
note that T*(G/P) is homotopy equivalent to G/P. 

On the other hand, we will give an algebro-geometric realization of H*(G/P, C) in the 
appendix of this paper. Let us take a sl 2 -triple {e,h,f} containing e. Let Z B (f) (resp. 
Z[(/)) be the centralizer of / in g (resp. 1). Consider the Slodowy slice S e := Mr\(e+Z g (f)). 
There is a G m -action on S e given by t ■ X — t~ 2 Ad(t h )X for t e G m and X 6 S e . 

Proposition 1.2 (Theorem A.l for P = B,Q = P). There is a graded algebra isomorphism 

H*(G/P, C) = CfS'e 0 (e + Zi(f))]. 

Here, S e D (e + Z[(/)) is the scheme-theoretic intersection of S e and e + Z { (f) in g and the 
grading on CfS'e D (e + Z t (f))] comes from the G m -action on S e above. 

We summarize this proposition in the following diagram: 

£ e B e = ii-\e) 

I Me 

^ 5 , e n(e + Z [ (/)) = SpecH*(G/P,C). 

Here, S e := /i _1 (5' e ) is the Slodowy variety and /z e is the restriction of fi to S e . ft is known 
that /j, e gives a resolution of singularities of S e and S e is the affinization of S e . Moreover, 
S e is homotopy equivalent to B e . 

Note that there is some similarity between the above two diagrams, where the roles of 
B e and G/P are exchanged to each other. It is known that T*(G/P) and S e are related to 
each other by symplectic duality in the sense of Braden, Licata, Proudfoot, and Webster 
m- The aim of this paper is to generalize the above theorem of DeConcini-Procesi and 
Tanisaki to other cases of symplectic duality. For this purpose, we have to understand the 
scheme-theoretic intersections Mp D t and S e D (e + Z[(/)) more intrinsically. 

Let us recall the notion of fixed point scheme (see 0)- Let H be an algebraic group 
over C and let X be a scheme over C with //-action. Consider the contravariant functor 
hx from the category of C-schemes to the category of sets given by 

hx(Y) = (the set of //-equivariant morphisms Y —> X), 

where Y is a C-scheme equipped with trivial //-action. This functor is known to be 
representable by a closed subscheme X H of A", which is called //-fixed point scheme of X. 
For X = Spec(A), the ideal of definition of //-fixed point scheme X H in X is generated by 
all h ■ f — f for h G //(C) and f E A. 
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Let us consider the adjoint action of T on A/p. One can easily see that the scheme- 
theoretic intersection A/p 0 t is isomorphic to the T-hxed point scheme A/p of A/p (or G m - 
hxed point scheme for some generic subgroup G m C T). Similarly, the scheme-theoretic 
intersection S e fl (e + Zj(/)) can be understood as the Z(L)-fixe d point scheme Se^ of S e 
for the adjoint action of the center Z(L) of L on S e . 

Therefore, the above results can be considered as examples of the phenomenon that the 
cohomology ring of a conical symplectic resolution is isomorphic to the coordinate ring of a 
G m -£xed point scheme of the affinization of symplectic dual conical symplectic resolution. 
Main result of this paper show that this phenomenon occurs for Hilbert scheme of points 
in the affine plane. 

Let us explain the main result of this paper. Let Hilb n (C 2 ) be Hilbert scheme of 71 - 
points in the affine plane (see TO- The affinization of Hilb n (C 2 ) is given by 71 -th symmetric 
product S n C 2 of C 2 and the Hilbert-Chow morphism Hilb n (C 2 ) —> S n C 2 gives a resolution 
of singularities. Let us consider the action of T = G m on S n C 2 induced by its action on C 2 
given by t ■ (x,y) = (t^Xjty) for t G T and (x,y) G C 2 . Since Hilb n (C 2 ) is symplectic dual 
to itself (P), we come to the following statement by applying the above consideration to 
this case: 

Theorem 1.3. There is an isomorphism of graded algebras 

LT(Hilb n (C 2 ), C) = C[(S n C 2 ) T ], 

Here, the grading on C[(S ,n C 2 ) T ] conies from the G m -action induced by the its action on 
C 2 given by s ■ (x, y ) = (s -1 x, s -1 ?/) for s G G m and (x, y) G C 2 . 

The rest of the paper is devoted to the proof of this theorem. We also prove in the 
appendices that the above phenomenon also occurs for the case of S3-varieties or hyper- 
toric varieties. It would be interesting to find some conditions under which this kind of 
phenomenon can be expected to hold for more general symplectic dual pair of conical 
symplectic resolutions. 
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2 Hilbert scheme of points in the affine plane 

2.1 Results of Lehn-Sorger and Vasserot 

In [9] and |13j . Lehn-Sorger and Vasserot give a description of the cohomology ring of 
Hilb n (C 2 ) as the center of the group ring of the symmetric group Z(C[& n ]). I 11 this 

section, we recall some results of [9] and [ IB] . 

For a partition A = (l Ql 2" 2 ...), we denote by £(A) := JAch the length of A and 
|A| := For a partition A with |A| = n, we denote by (2^ C G n the conjugacy class 

of & n consisting of permutations whose cycle types are A. The number of elements of 
is given by 

#€- = n ' 

* A 
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We define the characteristic function X\ £ £(C[©„]) of (£7 by 


Xa = 5Z a - 


Then {XaIAU n f° rms an basis of Z( C[©„]). For a G ©„, we dehne its degree by deg(cr) = 
2 (n — £(A)) if a G Ghp Let C[© n ]d be the subspace of C[© n ] spanned by a with deg(a) = d 
and 

F d C[6 n \ :=®C[6 n ] d ,. 

d'<d 

Then F d C[& n ] defines a filtration on C[© n ] compatible with the product. The induced 
product on gr F C[@ n ] is called the cup product and denoted by U. Since X\ is homogeneous, 
Z( C[© n ]) inherits from C[ 6 n ] the gradation, filtration, and the cup product. 

Theorem 2.1 ([2j,[13])» There is an isomorphism of graded algebras 

H*{ Hilb n (C 2 ),C) ^ gr F Z(C[©„,]). 


We prove Theorem 11.31 bv identifying gr F Z( C[©„]) and C[(5 n C 2 ) T ]. For later use, we 
give a formula for the cup product with X(k+i,i n ~ k ~ 1 ) for 1 < k < n — 1. For two partitions 

/i = ( 1 & 2 &...) and z> = {Y 1 ^ 2 ...), we write /t ■< i> if A < Xi for any b Note that this 
partial order is not related to the usual partial order on the set of partitions. 

Lemma 2.2. For A = (l Ql 2“ 2 ...)!- n, we have 


X{k+i,\ n ~ k ~ 1 ) LI Xa 


E 

0=( ni 2^2...) 


fc!|z>|(d|£>l + 1) 

TTT 


Here, z> runs over partitions with l{v) — k + 1 and u P A, and A 0 = (l / 3 l 2 /32 ...) b n is 
defined by 


A 


cti - 7 i if i 7 ^ \v 
6t\o\ + 1 if i = \v 


Proof. For a G © fc+ 1 ) 1 n-fc-i) (say a = (123... k + 1)) and r G (£ 7 , the equality deg(ar) = 
deg(c) + deg(r) holds if and only if 1 , 2 , ..., k + 1 are contained in different cycles for the 
disjoint cycle decomposition of r. If the number of elements of {1, 2,..., k + 1} which are 
contained in cycle of length i is 7 ^ then the cycle type of err is given by A 0 . For a fixed 
cr G ^(fe+ipn-fc-i), one can see that the number of r G (£^ such that the cycle type of ar 
equals to is given by 

(k + l)!(n — k — 1 )! 

- A) ! " 

Hence we have 


E 

*>=( 171272 ...) 
t[y)=k+ l,7i<ai 


(k + l)!(n - k - 1)! #C(fc+i, 

- 7 *)! 


X(fc+i,i n - fe_1 ) LI Xa 
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(k + l)!(n — k — 1)! n\ EL^A- 

El, i a <-^7 i !(Q; i - 7j)! (fc + l)(n - k - 1)! n\ X ~ x ' 

E fc! A|(q;| ! >| + 1) 

nr **■” 


which completes the proof. □ 

2.2 MacMahon symmetric functions 

In this section, we study the ring structure of C[(S' n C 2 ) T ]. First we prepare some nota¬ 
tion on symmetric functions in two set of variables (called MacMahon symmetric func¬ 
tions in 0). For an element (a, b ) G N x N, an unordered sequence of vectors A = 
(ai, &i)(a 2 , b 2 )... ( ai , bi ) is called a bipartite partition of (a, b) if (a;, G N x N \ {(0, 0)} 
for any i and Y^\=i a i = A = b. We set £(A) = l and |A| = (a, b). We have a 

natural surjection 

C[^ +1 C 2 ] = C [ Xl ,..., x n+1 , y u ..., y n+ if n+1 - C[^c 2 ] = C[ Xl , y n ] 6 " 

induced by ay, y ?; i—>■ Xi, yi for 1 < i < n and x n +i 5 2/n+i i—)■ 0. We consider the projective 

limit 

5 := lim C[5 n C 2 ] 

n 

with respect to these surjections. This is the ring of MacMahon symmetric functions. 

For a bipartite partition A = (ai, b±)... (ai, bi), we define the monomial symmetric 
function m A G S by symmetrization of the monomial x°^y b ^ ■ ■ ■ x”' 1 y bl with coefficients 0 or 
1. For example, we have 

i<j 

It is clear that the monomial symmetric functions form an basis of S. Just as power sum 
symmetric functions freely generate the ring of symmetric functions, m^ a ^) ’s generate S as 
a C-algebra and they are algebraically independent ([3]). Hence we have 

S = C[m {a , b) | (M)gNxN\{(0 ,0)}]. 

The kernel of the natural surjection S -» C[S' n C 2 ] is generated by {m A \ £(A) > n} as an 
ideal or a vector space. If |A| = ( a,b ), then the weight of m A with respect to the T-action 
induced by t ■ (x, y) = (t _1 x, ty) for (x, y) G C 2 is a — b. Hence the ideal of deffihtion for 
the T-fixed point scheme (S^C 2 ) 1 in C[S' n C 2 ] is generated by the image of { m,( a ^ \ a ^ b} 
in C[S' n C 2 ]. Therefore, we have the following. 

Lemma 2.3. 

C[(5'”C 2 ) t ] =* S/ (m K ,m {aJb) \ £(A) >n,a^b). 

In particular, C[(S' n C 2 ) T ] is generated as a C-algebra by m^ a ) s. 

For (a, b) G NxN\{(0, 0)} and A = (ai, b\)... ( ai , bi), we denote by (a, b)A the bipartite 
partition (a, b)(a\, b±)... (ai, b{). If (a, b) = () for some i, we denote by A \ (a, b) 
the bipartite partition (ai, b\)... (a;_ 1 , 6j_i)(aj+i, b i+ 1 )... (cq, bi ). We have £(A \ (a, b)) = 
£(A) — 1 and |A \ (a, 6)| = |A| — (a, b ). 
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Lemma 2.4. Let A be a bipartite partition. For any (i,j) eNxN \ {(0,0)}, we denote 
by cpj) the multiplicity of (i,j) in A. Then for (a, b) G N x N \ {(0, 0)}, we have 

A (c(a,fe) T l) ^(a,6)A T ^ ^ (c(a+i,6+j) T 1) ^'(a+i,b+j)A\(i,j) ■ 

(hj) 

Proof. For (i,j) G N x N \ {(0,0)} with cpj) > 0, we set c = C( a+l j l+J ' ) + 1 and consider 
the monomial 


x °\ +l y b \ +3 ■ ■ • x c +l Uc + 'i x (monomial in Xi and y % for i > c) 

in m( a +i,b+j)A\(i,j) and its coefficient in the expansion of m( a ,b)'m\. In the expansion, this 
monomial appears as 


x ivi ■ x \v{ x i + 'yP 


■x‘+'y b c +i 


Avi ■ x^yi +1 xW 2 x?'y b 3 +i ■ ■ ■ x^y? 1 


Avl ■ xr , y\ +1 x‘+'y\+ 1 • ■ ■ x^ytix'd 


Hence the coefficient of rri( a+ i : b+j)A\(i,j) in m( a ,bym\ is given by c = c^ a+ i^+j) + 1. The 
coefficient of a can be understood in the same way. □ 

We denote by rh\ the image of m\ under S -» S := S/(rriy,^ \ a b). For a partition 
A = (Ai, A 2 ,. ■ •, Ai), we denote by (A, 0) the bipartite partition (Ai, 0)(A 2 , 0)... (A/, 0). 

Lemma 2.5. {fh(A,o)(o,i)l A l | A : partition} forms a basis of S. 

Proof. We hrst prove that the monomial symmetric functions of the form fh( a ,a)(b,b)(c,c)... 
span S. If A does not contain (a, b ) with a xf 5, then rfiA is already of the form fh( a ,a)(b,b)(c,c)...- 
If A contains (a, b ) with a ^ b, then we can expand fh\ in terms of with £(<f>) = £(A) — 1 
by Lemma 2.4 and rhr a ,b) = 0- By induction on the length of A, we get an expansion of fh\ 
in terms of monomial symmetric functions of the form fh( a ,a)(b,b)(c,c)...- 

We next prove that we can expand fh( a ,a)(&,&)(c,c)... m terms of ?Ti(A,o)(o, 1 )ixi ’s. More gen¬ 
erally, we show that monomial symmetric functions of the form m( ai ,6 1 )...(aj,6 i )(o,i) m with 
ai > bj for any i can be written as a linear combination of hi(A,o)(o,i) |A| ’ s - We prove this 
claim by induction on d = - b t . If d = 0, then there is nothing to prove. 

Assume d > 0 and the claim holds for smaller d. Then at least one of bj is positive. We 
can assume b\ > 0. By Lemma 2.4, we have 


,6i—1) ,b 2 )...(ai ,6j)(0,l) m + 1 i >1 _l)(a2,&2)...(<ii,&i)(0,l) m ~*~ 1 "F C| Tll( ai l bi)...(ai,b[)( 0,l) m 

l 

+ ^ ^ c i m ( a2 ,b2)...( ai + a i,b 1 +b i -l)...( a i,bi)(0,l) m + 1 
i=2 

for some c 0 , Cj,..., C; £ Z with C\ xf 0. By 1 ) = 0 and the induction hypothesis, we 

can expand m( Ol ,& 1 )...(a i ,&i)(0,i) m in terms of m (A 0)(01) |Ai ’s. 

Since we have S = C[m( 0)tl ) | a E Z >0 ], the dimension of the degree 2/c-component 
of S is given by the number of partitions of k. Hence {’bi(A,o)(o.i)l A i I |^| = k} is linearly 
independent. This proves the lemma. □ 




7 


In order to simplify some formulas, we understand that l/x\ — 0 for x < 0 in the below. 
Lemma 2.6. For k > l > 0 and A = (l Q1 2 a2 ...), we have 


m (fc,0(A,0)(0,l)l A l+ fc - i 


E 


-l) l l\(P W - M+k + 1 ) 


202 ...) 


(/_£(A)+ £(/,))! n f (a 4 -A)! 


m (|A|-|^|+fc,0)(/i,0)(0,l)l A l+ fc • 


Here, fx runs over all the partitions. By the above convention, only partitions satisfying 
£(\) — £(/x) < l and fx P A contribute. 

Proof. We prove this formula by induction on l. Assume l = 1. By using Lemma 2.4 for 
(a, b ) = (k, 0) and m^, o) = 0, we have 


m (fc,l)(A,0)(0,l)l A l+ fc - 1 


~( a k + 0)(A,0)(0,l)l A l+ fc 


(ttfc+i + l)' m (fc+i,0)(A\i,0)(0,l)l A l+ fc - 

i:oti> 0 


The first term is equal to the contribution of fx = A and the second term is equal to the 
contribution of fx — A \ i. 

Assume l > 2 and the formula holds for smaller l. By using Lemma 2.4 for (a, b ) = 
(k, l — 1) and the induction hypothesis, we have 


m (fc,0(A,0)(0,l)l A l+ fc - i — 7Ti (fc,i—1)(A,0) (0,l)l A l+ fc - i + 1 


m (fc+yz-i)(A\j,o)(o,i)i A i+ fc -' +1 

j'- a j >o 


- E 

202 ...) 



f (-1)'(/- l)!(/3|A|_| M |+fc + 1) 
m (|A|-H+M)(^,o)(o,i)i A i+ fc | (/ _ £(A) + £(ju) - 1)! n,(w - A)! 

_ (~l) f (/ ~ l)!(/3[A|-|/x|+fc + 1) _1 

(/ - £(A) + £(ix))\(aj - fr - 1)! - A)! J 


(~ i)^KAd-H+fc +1) - 

~ ^ ii-1 {\)+%))! rii(«i - A)! m(|A| - H+M)( ' i,0)(0 ’ 1)|A|+fc ' 

Here, in the last equality, we used the formula 


(n 0 + • • • + n a )\ _ (no + • • • n a — 1)! , . 

n 0 !---nj 

for no,... , n a G Z> 0 with no + • • • + n a > 0. We applied it for no — l — £(X) + £(/x) and 
n t = oti — fa for i > 1. □ 

For ix = (1^2^ 2 ...), v = (l 7l 2 72 ...), and x G Z>|„|, we set 

fll() = _ a - w\y.(x- \ix\ + i) _ 

* ' (x - \n\ - £(n) + £(ix) + l)\Y\ :i (-u - Pi)\' 

We remark that we have ff(x) — 0 if /x ^ z/ and ff(x) = 1. We denote the partition 

(l^ 1 ... (j — 1 )P j - 1 jP j+1 (j + 1)^ +1 ...) by n U j. 



Lemma 2.7. For /i = ...), u — (l' Tl 2' T2 ...), and x € Z>|j,|, we have 


/?(*+1)-/;m= 

3 


Proof. We calculate as: 


/M + M/M) 


(x — |^|)! 

0 - |i/| - AA + £(/i) + 2)! n,(7i - A)! 

x {(x + 1 - \u\)(x - \n\ + 2) - (x - \v\ - £{y) + £(A + 2)(x - |/i| + 1)} 


( x — 

ME{(AA - AA) A - IA +!) - M 

+ A) 

(x — 

\u\ 

- £{v) + £(n) + 2 )! n*(7i - A)! 


0 ~ M) ! (Ej(7j - A) A - H ~ j + 1)} 

(x - \u\ - £{y) + £(fi) + 2)! nM - A)! 

_(x- M)!(x~ |/xUj| + 1)_ 

j (x- M - AA + %Uj) + 1)!(t, - A - 1 ) ! n^j(7i - A)! 

3 


□ 


Lemma 2.8. For /i = (T 9l 2 /32 ...) E A = (l Ql 2“ 2 ...), we have 


V (_l)'M+'W/^(i + |A|) 

*,= (171 2 ^ 2 ...) 

/M&M A 


(AA) — l(A + |A| 

(iai-imeim 


Ml 

7»)- 


_ fc! _ 

A - £(A) + M)) ! ELM - A)! 


Proof. We prove this formula by induction on £ = £{X) — £(fj). If £ — 0, then the formula 
is trivial since fi — v — A and ff(x) = 1. Let us assume £ > 0 and the formula holds for 
smaller £. We set 


f?(k) 


V (-i)' ( " ,+,<A> /:(* + |A|) 

i/=( ni 2T2...) 

/MzM A 


(l(A)-l(A + |A| 

(ai-heeim 


Ml 

7i) ! ’ 


By Lemma 2.7 and the induction hypothesis, we have 


+1) - 


j ( k ~ A A ) + M) + AM - A - A ! Ili^j(«* - A) ! 

__ (fc + l)! _ k\ _ 

(k + 1 - AA) + £(fj))\UMi - A) ! A - AA) + A/AE ELM _ AE’ 

Here, the last equality follows from dTJ) . Hence it is enough to prove the case of k — 0, that 
is, F£( 0) = 0 since we assumed £(X) — £(n) > 0. We set n* = cq — and m; = cc* — y*. 
Then 



E < _1 ) ,( 






(|A| 


(|A|-|H)!(|A|-H + 1)(AA)-AA + |A|-|A)! 
M - AA + AA + 1 ) ! (|A| - M)! ELM - A)M 


7iE 
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U 1 w {l .^„ ’ (E^ + iK-E^ + iJin^K ni-mV. 

(|A| - \fi\ + 1 )(Ei«i - !) ! 


n i«i ! 




0<mj<ni 


Tlj 


rrii 


Let us consider the coefficient of :r ^> n, ~ ] in the expansion of +1)* +1 — l) n L Since 

we have ^((rr + 1)* +1 — l) ni = n?(* + l) ni ' ^ EiHi + (higher order terms), the coefficient 
of rcE;™;- 1 j s q. On the other hand, we calculate as: 


H ~" H 1 ' 1 (x + 1) 

jrii ■ 


(i+l)m; 


n«x+i) i+i -1)"<=n ( e (- 1 )’ 

i i \0<mi<rii 

= (-l) EiK_mi) nh-(x + l)Ei(*+ 1 ) m » 

\ 777<7 / 

0<mi<nj i ^ ' 

=e e 

/c>0 0 <mi<rii E n \ l / 


x k . 


Hence we have 


e (-D E ‘-FFnF ) r)n^'“'= 0 ' 


Uij 


0 <rrii<ni 

This implies F£(0) = 0. □ 

Lemma 2.9. For any & > 0, l > 0, and A = (l Ql 2 a2 ...) with |A| + k — / > 0, we have 

'd^(fc,p(A,0)(0,l)l A l+ fc - i = (AaI-ImI+A: + l) ? Tl(|A| —|/xH-fc,0)(^,0)(0,l) |A|+fe 

/i=( 101202...) 

x( E (-i) <( - W)+l /«t+|A|) (fff~^+ |A j 7 ' v \ +k ~f 

L.(iVt»...) < |A I ~ M + * - ') ! IL(“i - 7i)! 

/n^z/^A 
W\<\M+k-l 

Proof. We prove this formula by induction on |A| + £(A) + k — l > 0. Assume |A| +£(A) + 
k — l — 0. ft implies that A = 0 and k — l. Then the formula reduces to 


m(k,k) = (-1) m (fc)0 )(o,i)fc. 


( 2 ) 


This is a special case of Lemma 2.6. 

Let us assume |A| + £(\) + k — l > 0. If k — l, then by Lemma 2.6 and Lemma 2.8, we 
have 


m (fc,fc)(A,0)(0,l)l A l 


E 


(—l) fc /d(/j| A |_| At | + fc + 1) 

(k - f'(A) + £(fji))\ n,;(w - A)! 


m (|A|-|^|+fc,0)O,0)(0,l)l A l+ fe 


/x=(l^i2^2...) 

y: (^Ai-i/ii+fc+i)^dAi-i//i+fc,o)^,o)(o,i)i A i+ fc 


^=(101202...) 
/X^A 
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x 


( E (-T 

L*y=(17l 272...) 


■y)+lW+kf^ k+ |A|) 


(l(A)-l(i/) + |A|~H)! 

(|A|-|H)!n,(^-7,)! f 


This implies the formula. 

If k ^ l, then by Lemma 2.4 and the induction hypothesis, we have 


z (fc,z+i)(A,o)(o,i)i A i + , =- i - 1 'Y* m (fc+j, 0 (A\yo)(o,i)i A i+ fe - i 

j:aj>0 


m (k,l){ A,0)(0,l) |A|+fe_i — mi 

= y^(/3|A|-H+fc + l) ? «(|A|-| At |+fc,0)(^,0)(0,l)l A l+ fc 

J 2 {-l) e{v)+ew+l flf{k + |A|)(£(A) - e(u) + \X\-\u\ + k-l- 1)! 


X 


v 

/iXz/XA 
\v\<\\\+k-l-l 


E E 


(\\\-\v\ + k-l-l)\Yl i (a i -'y i )\ 
(-lyM+tW+ifftk + |A|)(l(A) - £(u) + |A| - \u\ + k - l - 1)! 




(|A| - M + k - l)\(aij - 7 ,- - 1)! - 7)! 

hl<|A|+fc-i 

= + l) r ^'(|A|-|/ t |+fc,0)(Ai,0)(0,l)l A l+ fc 

I y- / pwtAj+i^/j fc4 | An ( £ ( A )-^( z/ ) + l A l-l t/ l + fc -Q ! 

/xXz/XA 

|^|<|A|+fc-Z 

Here, the last equality follows from (ITj) . This completes the proof of the formula. 
Lemma 2.10. For k 6 Z >0 and A = (l Ql 2" 2 ...), we have 


□ 


'^(fc,fc) m (A,0)(0,l)l A l 


E 


A t=(l/3l2/ 3 2...)^A 

£(\)-e(ii)<k+l 


(-1 ) k k\(k + |A| - \fx\ + 1)(^|A|_i^i+fc + 1) _ 

(k - £(A) + £(n) + 1)! rii(«i - A)! m (l A l-l^l +fc ’0)(^’0)( 0 ’i) |A|+fc 


Proof. By using Lemma 2.4 and Lemma 2.9, we calculate as: 

fh(fc,fc)m( Ai0 )( 0) piAi = 7fi(fc,fe)(A, 0 )( 0 , 1 )l A l "F ^'(fc,fc+ 1 )(A,o)(o,i)l^l-i + Y ^(k+j.k) (a\ 7 ,o)(o.i)|ai 

j 

= Yj (Aa|-|/a|+A; + l) 7 7l(|A| —| A iH-fc,0)(M,0)(0,l) |A|+fe 
M =(l/3l2/ 3 2...)^A 


X 


{ E (-D' ( 

^=(171 2^2...) 

/xXz/XA 


»+r(A)+fc j^ k + |a|) (A a ) ~ AA> + l A l ~ MU 


(l A l - M) ! nL(«; -7i)! 


_ £ ( _ 1)(M ^ )+t/ , (fc + |A|) WA) ~ + N - H - i)i 

I /= ( iu 272... ) (l A l - IH - 1 )! rii(«i “ 7<)! 

/xXz/X A 
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V V ( n^)+^)+ fc fNb i iAh ~ ^ + ^ 

/ ' ( * +|A|) (|A|-H)l(«,-7,-l)!n W (o.-1»)l 

( _ l) fc /r+ I-^IXAaI-H+A: + 1) - 


E 

m =(1/3i 2^...)^A 


rii(«i-/3i)! 


- m (|A|-|^|+fc,0)(M,0)(0,l)l^l+ fe 


Here, the last equality follows from (Jl]). □ 

Corollary 2.11. For k € Z >0 and a partition A, 0 ^ 0 1 j|ai is contained in the linear 

span of {rli( IA o)(o,i)i^i I ^( z/ ) + M > ^(A) + |A|}. 

Proof. If rra ( |A|_|AxH-fc, 0) ( M , 0)(0 , 1) i A i+ fc appears in the formula for m (fcifc) m (A 0)(0 1} ,ai in Lemma 
2.10, then we have 1?(A) — f?(/i) < k + 1 and hence 


^(/i U (|A| — |/i| + fc)) + \fi U (|A | — \/j,\ + k)\ — £{t) + 1 + \fJi\ + | A | — |/i| + k 

> £{\) + |A| 


This implies the corollary. 


□ 


2.3 Proof of Theorem 11.3 

Lemma 2.12. The image of {w(a,o)(o,i)I a i I X'M + |A| — n } bi C[(S' n C 2 ) T ] forms a basis of 
C[(S n C 2 ) T ], 

Proof. By Lemma 2.3, the kernel of the natural surjection S -» C[(S' n C 2 ) T ] is spanned 
by {biA | f'(A) > n}. By Lemma 2.5, it suffices to show that each m,\ can be written as 
a linear combination of ?«(a,o)(o,i)I a i with £(A) + |A| > f'(A). Set deg(mA) — 2d(A) and set 
e(A) to be the number of (0,1) in A. We prove this claim by induction on d( A) — e(A). If 
e(A) = d(A), then there is nothing to prove. If d( A) > e(A), then A contains (a, b) with 
b > 0 and (a, b ) ^ (0,1). Let us write A = (a, b) A'. By Lemma 2.4, we have 

? h(a,b—l)hZ(o,l)A' = CohT( ai fc_i)(o,l)A' + Ci?hA + CA"fh(o,l)A" 

A" 

e(A")=e(A) 

^(A")=£(A) —1 

for some coefficients c*6Z with c\ ^ 0. By the induction hypothesis, we have b7.( a! fc_i)( 0 ,i)A , ! 
m( 0 ,i)A" G ^777,^ 0 )(o 5l )|A| | t(A) + |A| > £(A)^. If b ^ a + 1, then this implies the claim since 

we have fh^ a ^-i) = 0. Let us assume b = a + 1. Since we have d((0,1)A') — e((0,1)A') = 
d( A) — e(A) — a — 1 and £((0,1)A') = t(A), the induction hypothesis implies that m( 0) i)A' G 

^bt(A,o)(o,i)i A i I + IA | > £(A.)^. Then Corollary 2.11 implies that rh^ a )fh^ i)A' G 
(b!(A,o)(o,i)! A i I XA) + |A| > ^(A)^. Therefore, we have m A e ^fh (A>0)(0il) |A| | £(X) + |A| > 
t'(A)^) as required. 

□ 

Proof of Theorem 1 1. -A For a partition A = (1 Q1 2“ 2 ...) with £(A) + |A| < n, we denote by 
A = (l ai 2 Q2 ...) b n the partition given by dq = n — £(A) — |A| and dj = ctj_i for i > 2. 
Let if : C[(S' n C 2 ) T ] —> gr F Z(C[© n ]) be the linear map defined by 

#Fi ( a,o)(o,i)I a i) = (-1) |A| Xa- 
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By Lemma 2.12, -0 is well-defined and an isomorphism of graded vector spaces. Since we 
have deg(c) < 2 (n — 1) for any a e & n , {rh(k,k) | 1 < k < n — 1} generates C[(5' n C 2 ) T ] as 
a C-algebra by Lemma 2.3. Hence it suffices to prove 


' l l } { m {k,k) m { a,o)(o,i) | a| ) ~ V’( m (fe,fc)) U ^( m (A,0)(0,l) |A| ) 
for 1 < k < n — 1. By Lemma 2.10, ^(ffi(fc,fc)ffi(A,o)(o,i)i A i) is gi ven by 


E 

m =(1/ 3 12' 3 2...)^A 

e(\)-e(/j,)<k+i 


-1 ) k k\{k + |A| — |/i| + 1) (/3|a|—|/ x|+fc + 1) 
(k — i(X) + £(/x) + 1)! A)! 


#"blAi— 


(|A| — | #1 |+fc,0)( A i,0)(0 


,l)l*l+ fc ) 


Since 

£(n U (|A| — |/x| + A;)) + |/x U (|A| — |/x| + k)\ = |A| + £(/x) + k + 1, 

we have ffi(|A|-|/i|+fc,o)(/i,o)(o,i)i A i +A: = 0 if |A| + f?(/x) + k + 1 > n. Hence in the above sum, only 
/x’s satisfying |A| + i{n) + k + 1 < n contribute. 

For a partition /x = (1^ 1 2' 32 ...) with f'(A)—£(/x) < k + 1, /x ^ A, and |A|+f?(/x) + A; + l < n, 
we associate a partition £(/x) = (ll^ 2 ...) with ^(£(/x)) = k + 1 by 


7* = 


fc + l-£(A)+€(/x) 
i A-i 


if i = 1 
if x > 2. 


We have 71 < 07 and hence £(/x) A. This £ gives a bijection between the set of partitions 
/x with £(A) — £(n) < k + 1, /x r< A, and |A| +£( / tx) + A; + l < n and the set of partitions z> with 
£(z>) = k +1 and z> ^ A. We have |f(/x)| = +1 + |A| - |/x| and V’(”i(|A|-H+fc,o)(/i,o)(o,i)i*l+0 = 
(—l)l A l +fc / \'j v , where A^) F n is defined as in Lemma 2.2. By £(£(/x)) = k + 1 > 1, we 

£(a0 

have 7 |£( m )| = 0 and hence Q'^( jU )|_i = Therefore, by Lemma 2.2, we have 

/x™ ™ a_ W (—l)l A lfc!(/c + | A | — |/x| + l)(/3|A|-|H+fc + 1) 

^ E ^ (* - £(A) + + 1)! ft (a, - ft)! 

£(X)—£(n)<k+l 

\\\+£(fi)+k+l<n 

Y' (-l) |A| *!ftl(°W + 1) 

A n.T,! Xaa 

I>=(171272...)^A 
£(i>)=k -\-1 

= ( — A^Lxifc + ipn-fc- 1 ) U X\ 

= ^(ffi(fc,fc)) u V’( 7 ™(A,o)(o,i)l A l)- 

Here, in the last equality, we used (J2]) • This completes the proof of Theorem 11.31 

□ 


A Spaltenstein variety 

As in the introduction, let G = GL n and g = gl n . We fix a Cartan subalgebra t and a 
Borel subalgebra b D t. Let b C p,q C g be two standard parabolic subalgebras and 
P, Q be the parabolic subgroups of G with Lie algebras p, q. We denote a Levi and 
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the nilpotent part of p (resp. q) by (p and np (resp. I g and ng). Let Lq be the Levi 
subgroup of G with its Lie algebra lg. We take a regular nilpotent element ep of Ip. We 
also take a regular nilpotent element eg of lg and fix a s^-triple {eg, hg, /g}. We denote 
the centralizer of /g in [g (resp. in g) by Z [Q (/g) (resp. Z g (/g)). We set Np = Ad(G) • np 
and consider the scheme-theoretic intersection Np D (eg + Z [Q (/g)) of Np and eg + Z 1q (Jq) 
in g. There is a G m -action on Np D (eg + Z 1q (/q)) induced from the G m -action on g given 
by t ■ X = t~ 2 Ad(t h ®)X for t e G m and X 6g. Let X® p = {gQ & G/Q \ kd(g)~ l e P 6 ng} 
be the Spaltenstein variety associated to ep and Q. 

Theorem A.l. There is a graded algebra isomorphism 

C) = C[A/> n (eg + Z, 0 (/g))]. 

Here, the grading on C[Np fl (eg + Z {q (,/g))] comes from the G m -action above. 

If Q = B and eg = 0, then X® coincides with the Springer fiber B ep and the above 
description of its cohomology ring reduces to Theorem 11.11 

Remark A.2. Let Z(Lq) be the center of Lq. Then Z(Lq) acts on Np fl (eg + Z g (f Q )) 
by the adjoint action. One can easily see that the scheme-theoretic intersection Np 0 
(eg + Z [q (/g)) is isomorphic to the Z(Lg)-fixed point scheme (Np fl (eg + Z 0 (/g))) z(LQ) 
of Np fl (eg + Z s (f Q )). 

For the proof of Theorem A.l, we use the presentation of the cohomology ring H*(X® p , C) 
by Brundan-Ostrik [2] and the defining equations of Np in g which was conjectured by 
Tanisaki DU and proved by Weyman [133 . We first reca11 some results from 0. 

Let A = (Ai > ... > A n > 0) be the transpose of the partition corresponding to P 

and fi = (hi, ... ,fi n ), g % > 0, the composition of n corresponding to Q. Then ep is the 

nilpotent matrix whose Jordan block is of type A T , and Np is the closure of the nilpotent 
orbit whose Jordan block is of type A. 

Let R := C[aq,..., x n ] be the polynomial ring in n- variables. We define its grading by 
deg(xj) = 2. Let := © M1 x • • ■ x ©^ be the parabolic subgroup of n-tli symmetric 
group © n . For 1 < i < l and r e Z> 0 , we denote by e r (/x; i) the r-th elementary symmeric 
polynomial in the variables {xk \ Hi + ■ ■ ■ + Hi -1 + l<k< Hi+ ■■■ + Hi}- We also set 
eo (h'A) = 1- Then the algebra of ©^-invariant polynomials R M := R 6>1 is freely generated 
by {e r (/z; i) \ 1 < i < n, 1 < r < Hi}- 

For m > 1, 1 < i\ < ■ ■ ■ < i m < n and r > 0, let 

e T (Hi i 1, • • • , im) ■ ^ ^ &n (Hi ii) ^r m (Hi im) ■ 

riH-h r m =r 

Let I p be the ideal of generated by 


( 


m > 1,1 < i\ < ■ ■ ■ < i m < n, 

1 

i ^1? • 

• i im) 

r > Hh + ' ' ' + Lim ^a+l 

— A n 



where a := #{i \ Hi > 0, i ^ A,. 

• ) im} ) 


Theorem A.3 ([2]). There is an isomorphism of graded algebras 

H-(Xg, C) “ Rjg. 
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Next we recall the defining equations of nilpotent orbit closures of g. We have C[g] = 
C[xjj], where Xij (1 <i,j< n ) is the (i, j)-th coordinate of matrices. Let be the set 

of coefficients of t k in s-minors of (tl — (x^)) with s = 1,. .. ,n and k < A n _ s+ i + A n _ s+ 2 + 

• • • + A n . 

Theorem A.4 ([13]). The defining ideal of A/p in g is generated by {g^u- 

Proof of Theorem A.l. First we prepare some notation. We define /q x ^-matrices E t and 
Fi as follows: 

/ 0 . 0 \ 


E, = 


1 

0 

Vo 


0 10 / 


/ 0 Hi — 1 0 

0 0 2((H - 2 ) 


F, = 


0 \ 


0 


: 0 fii - 1 

\ 0 . 0 0 / 

We set Zi(x (i) ) = Z t (x ?,..., x{2) := Et + xf I + xf Fi + xf F? + • • • + \ We may 

/ E 1 0 \ 


assume 


e Q 


and 


/q — 


0 

F\ 

0 


E„ 




0 \ 




Any element of eQ + Zy Q (fq) can be written as 


Z(x ):= 


Zi(* (1) ) 

0 


0 i 

Z n (x (n) ) ) 


for some x^’s. We regard ’s as coordinates on eQ + Z lQ (fq) and define e r (n;i) E 
C l e Q + z \ 0 (/o)] for 1 < r < ^ by 


det(t/ - Zi(x M )) = t^ - ei(fx; i)t^ 1 H-b (-1 ) w e w (Ab *)■ 


Then e r (/i;i) is homogeneous of degree 2r and {e r (/qi) | 1 < i < n,l < r < /i*} freely 
generate the ring C[e Q + Z lQ (f Q )\. We denote by if \ ^ £[ 6q + Z lQ (f Q )} the graded 
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algebra isomorphism given by i/;(e r (H',i)) = e r (/i;z). We denote by e r (//; ii,..., i m ) the 
image of e r (^i; i \,..., i rn ) under -0. 

In order to prove the assertion, it suffices to show that the defining ideal I* of Mp D 
(eg + Z lq (f Q )) in C[e Q + Z lg (f Q )] coincides with By Theorem A.4, is generated 

by coefficients of t k of various s-minors of tl — Z(x) with k < A n _ s+ i + • • • + A n . If we 
remove the first row and the last column of Zi(x^), then we obtain a upper triangular 
matrix with diagonal entries 1. Hence for s < Hn there is an s-minor of tl — Zi(x^) which 
equals to ±1. 

Let l = #{i | ^ > 0}. Consider an s-minor of tl — Z(x). Note that nonzero s-minor 
of tl — Z(x) is a certain product of Sj-minors of tl — Zi(x^) with si + • • • + s n — s. We 
set m = l — (n — s). Then we have | Sj = Hi > 0} > m. 

First we assume m < 0. Then there is an s-minor of tl — Z(x) which equals to 
±1. If A n _ s+ i + ■ • • + A n = 0, then s-minors of tl — Z(x) do not contribute to I*. If 
A^-s+i + • • • + A n > 1, then we have 1 G I*. On the other hand, there exists i such that 
Hi — 0 by the assumption m < 0. We have 1 = eo(/x; i) G I* by the definition of I* and 

Hi A;_|_i ' A n A n _ s+m+ i ' A n 

— s+1 ' A 

< 0. 

Hence we have 1^ = in this case. 

Next we consider the case of m > 1. Let 1 < i\ < ■ ■ ■ < i m < l be some labels satisfying 
Si = Hi- Then this s-minor of tl — Z(x) is a product of some polynomial and 

det (tl - Z h ) • • - det (tl - Z im ) = i - e^n; ii)t Wl_1 H-f (-l) M< ie Wi (/x; 4))- 

• • • (■ t «"* - ei(/i; + • • • + (//; i m )) 

Mil “I-^Mim 

= ^ (-1 ) r ~e r (H-, h, ■ • ■, im)t^ + - + ^~ r . 

r =0 

Hence the coefficients of t k with k < A n _ s+ i + • • • + A n are contained in the ideal generated 

by {e r (H)h, \ r > Hh d-h Him - ^i-m+i -A n }. Conversely, if we choose 

Si — Hi ~ 1 for i 4 ii-, ■ ■ ■ i bn and s,-minors of tl — Zi which are ±1, then ±e r (/i; ii,..., i m ) 
appears as a coefficient of t k for some s-minor of (tl — Z(x)) with k < A n _ s+ i + • • • + X n . 
This proves = ^>(/*). □ 

B Hypertoric variety 

We briefly recall the definition and some properties of hypertoric varieties following ra- 
Let T n = (G m ) n be the n-dimensional complex torus and t n its Lie algebra with a full 
lattice tg and its basis {£*}. Let i d be a complex vector space of dimension d with a full 
lattice tf. Let {ai,... ,a n } C be a collection of nonzero vectors which spans tf. Let 
a : t n —>■ t d be the linear map defined by a(£i) = a* and let t /,: be the kernel of a with a full 
lattice t|. Then we have the following exact sequences 


o g t fc 4 f 4 t d g o 
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and 

This gives an exact sequence of tori 

0 ->• T k -G T n ->■ T d ->• 0. 

There is a Hamiltonian T n action on T* C n given by 

(Ai, . . . , A n ) • (^i, . . . , Z n , Wl, • • • , W n ) (Ai^i, . . . , A nZni A^ Wi, . . . , A n ICn) 

for (Ai,..., A„) G T n and (z±,..., z n , w \,..., w n ) G T*C n . The moment map /i n : T*C n —» 
(t n )* for this action is given by /.i n (zi,... ,z n , w \,..., w n ) = (qwi,..., z n w n ). Then the 
moment map for the action of T k on T* C n is given by fi = t* o /j, n . For a G (t|)* a 
character of T k , we define the hypertoric variety associated to A = {ai,..., a n } and a by 

m a (A) = /^(O )// a T k . 

Here the quotient above is the GIT quotient with respect to a. For r — (r 1; ..., r„) G (t n )* 
a lift of a along i* and i — 1 ,, n, we set 

Hi = {iG (t J )R | x ■ ^ + ri = 0}. 

Hyperplane arrangement {-Hi,.... //,, } is called simple if every subset of m hyperplanes 
with nonempty intersection intersects in codimension m and A is called unimodular if every 
collection of d linearly independent vectors {a^,..., a td } spans t| over Z. It is known that 
Wl a (A) is smooth if and only if {H L ,... ,H n } is simple and A is unimodular. The torus 
T d naturally acts on Wl a (A) and preserves the symplectic form. 

We set t n = (t n )*, i d = ( t d )*, and l k = ( t k )*. We denote by T n , T d , and T k the dual tori 
of T n , T d , and T k respectively. We set b = i* and set bi G (1 < i < n) to be the image 
of the standard basis of tg under b. Let B = {b±,..., b n } be the Gale dual configuration of 
A. Let us fix a basis of tf = Z d and its dual basis tf = Z d . Let us write a* = {a n \,..., a^) 
using this basis. Then the moment map ft : T* C n —> i d for the Traction on T*C n is given 
by 


P>(zi, ...,Zn,ww n ) = a.aZiWi,..., Y' a^voA . ( 3 ) 

The action of (A 1? ..., A d) G T d on C[T*C n ] is given by 

(Ai, ...,Xd)-Zi — A“ a • • • \ a d id Zi, 

(Ai, • • •, A d )-Wi = XA ' 1 ■ ■ ■ A d aidw i- 

We consider the hypertoric variety DJto(B) = Spec(C[/i” 1 (0)]^ <1 ) associated to B and 
0 G (t d )g. The torus T k = f n /T d naturally acts on Wl 0 {B) and there is another G m action 
on Wl 0 (B) induced from its action on T*C n given by t ■ (. z,w) = {t~ l z,t~ l w). This G m - 
action induces an G m -action on the fixed point scheme DXt 0 (B)^ k . The aim of this appendix 
is to prove the following. 
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Theorem B.l. If yjt a (A) is smooth, then there is an isomorphism of graded algebras 

H*(M a (A),C) ^ C{m 0 (B) fk }. 

Here, grading on comes from the G m -action above. 

Let A a be the matroid complex associated to A, that is, the simplicial complex con¬ 
sisting of all sets S C {1,... ,n} such that {a; | i G S} are linearly independent. Let 


S1Z(A a ) : = C[ei,..., e n ]/ ( JJ e* | S £ A a 

Vies j 


be the Stanley-Reisner ring of A^. We define its grading by setting deg(e;) = 2. Then the 
cohomology ring of can be described as follows. 

Theorem B.2 ([IJ,[ 8 j). If 9)X a (A) is smooth (or has at worst orbifold singularities), then 
there is an isomorphism of graded algebras 


H*{m a {A)X) = sn(A A )/ 


j = l,...,d 


. 1=1 


Proof of Theorem B.l. For x G Z, we write [a;] + := max(x, 0). We set Ui := ZiWi for 
1 < i < n and Vfh = IL z\ m ^ + w\^ m ^ + for m = (mi ,..., m n ) G TP with Yhi m i a i — 
0. Then we have Ui, G C[zi,..., z n , Wi ,..., w n ]^ d = C[T*C n /T d ]. If a monomial 

Afvif is contained in C[T*C n /T d ], then we have JA(c; — c')a; = 0. Hence we can write 

I!* z i' w i l = v rh El?; ?i' Tlin(c,:C ’ ; by setting = q — c'. Therefore, C [T*C n /f d ] is generated 
by {vih | = 0} as a C[iti,..., u n ]-module and the defining ideal of the T k -fixed 

point scheme (T*C n /T d )^ k in T*C n /T d is generated by u^fs for m ^ 0. It follows that 
C[(T*C n /T d ) fk ] is generated by ui,... ,u n as a C-algebra. 

Let S C {1,... ,n} be a circuit of A Aj i.e. minimal among the subsets of {1,... ,n} 
which is not in A a . There is a relation XVgsP* 0 * = 0, where all pi G T are nonzero. 
For any i 0 G S, cii 0 = ~ Y2ieS\{i 0 } an d { a i}«eS\{i 0 } i s linearly independent. Hence 
from the unimodularity of A , we have G Z. Therefore, we can take p = ±1 for 
all i G S'. We set p, = 0 for i ^ S' and set p = (pi,... ,p n ) G T n . Then we have 
Y\ ieS Ui = v p l ’-p b 1 C[T*C n /T d ] and hence Y[ ieS Ui = 0 bi C[(T*C n /T d ) fk ]. On the other 
hand, if a monomial EL uf in Ui is zero in C[(T*C n /T d )^ k ], then there exists c,rh,rh' G T n 
with JA midi = m 'i a i — 0 and ?n^0 such that 


n 


Uf = VrnVrn' uf 


Hence the subset {i \ qt ^ 0 } C {1,..., n} contains {i \ m l 0 } ^ A a . Therefore, Yli u f 
is contained in the ideal of C[«i... ,u n ] generated by n«eS M '' : f° r & ^ A ^ 4 . It follows that 
we have an isomorphism of graded algebras 


C[(T*C n /T d f k ] = C[ui,... ,u n }/ ( \\ Ui | S i A a ) = S1Z(A a ) 

\ieS 
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by sending Ui to e*. By (J3J), we have 


C[9Jlo(B)] = C[T*C n /T d }/ a v u i = 


It follows that 


C[m 0 (Bf k ] ** C[(T*C n /T d f k }/ ( a ijUi \j = l 
- SU(A a )/ dije-i | j = 1, ■ ■ ■, dV 


By Theorem B.2, this implies Theorem B.l. 


□ 
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